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In this paper I review some recent, interlinked, work undertaken using cosmological per-
turbation theory – a powerful technique for modelling inhomogeneities in the Universe.
The common theme which underpins these pieces of work is the presence of non-adiabatic
pressure, or entropy, perturbations. After a brief introduction covering the standard tech-
niques of describing inhomogeneities in both Newtonian and relativistic cosmology, I dis-
cuss the generation of vorticity. As in classical fluid mechanics, vorticity is not present
in linearized perturbation theory (unless included as an initial condition). Allowing for
entropy perturbations, and working to second order in perturbation theory, I show that
vorticity is generated, even in the absence of vector perturbations, by purely scalar per-
turbations, the source term being quadratic in the gradients of first order energy density
and isocurvature, or non-adiabatic pressure perturbations. This generalizes Crocco’s the-
orem to a cosmological setting. I then introduce isocurvature perturbations in different
models, focusing on the entropy perturbation in standard, concordance cosmology, and in
inflationary models involving two scalar fields. As the final topic, I investigate magnetic
fields, which are a potential observational consequence of vorticity in the early universe.
I briefly review some recent work on including magnetic fields in perturbation theory in
a consistent way. I show, using solely analytical techniques, that magnetic fields can be
generated by higher order perturbations, albeit too small to provide the entire primordial
seed field, in agreement with some numerical studies. I close with a summary and some
potential extensions of this work.
Keywords: cosmological perturbation theory; vorticity; inflation; isocurvature perturba-
tions; magnetic fields
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1. Introduction
Cosmology, as a science, has greatly advanced over the last several decades. The
first observational evidence that the Universe is expanding came from Hubble who
noticed that galaxies were receding from us at a velocity proportional to their dis-
tance.1 Since then, there have been myriad observations made which have provided
strong evidence supporting the Big Bang cosmological model. More recently, obser-
vations of distant supernovae showed that the linear relationship between distance
and recession velocity is violated for the greatest distances, providing evidence that
the Universe is accelerating, or at least appears to be, on the largest scales today.2,3
The cause for this acceleration is not known, and could be due to a yet undetected
energy species, with negative pressure, dubbed dark energy,4 or could represent a
modification to general relativity in low density environments.5
Another piece of evidence strongly supporting the Big Bang theory is the Cos-
mic Microwave Background (CMB) – radiation formed early on when the Universe
had expanded and cooled sufficiently to allow photons to stream – first detected by
Penzias and Wilson.6 Experiments since have used more and more advanced tech-
nology, enabling us to use observations of the CMB to strongly constrain models of
the early universe. The Cosmic Background Explorer (COBE) was the first satellite
to detect anisotropies in the CMB, and measured the radiation with a black body
spectrum of 2.75K, as predicted by theory.7 The spectrum of the anisotropies were
then mapped out by the Wilkinson Microwave Anisotropy Probe (WMAP)8 and
then, more recently, to a higher precision by Planck.9
The data collected by these experiments have allowed us to rule out models
of inflation – the period of accelerated expansion in the very early universe pos-
tulated to resolve problems of the original Hot Big Bang model. Based on their
predictions for the spectral index of the primordial perturbations, the strength of
the tensor perturbations as well as the non-Gaussianity of the initial fluctuations,
the set of inflationary models can be constrained by observations. Very recently, the
first measurement of the B-mode polarisation signal of the CMB was made by the
Background Imaging of Cosmic Extragalactic Polarization (BICEP) experiment.10
If the primordial origin of this signal is confirmed, it will be extremely strong ev-
idence that the Universe went through a period of inflation. Further missions are
planned to map the spectrum of B-mode polarisation, such as the Polarized Ra-
diation Imaging and Spectroscopy Mission (PRISM11 ), the Experimental Probe
of Inflationary Cosmology (EPIC12), LITEBird13 and the Cosmic Origins Explorer
(COrE14), among others. These will enable us to further tighten constraints on in-
flationary models.
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In order to study the theoretical framework of the standard cosmological model,
the Universe is well-described on the largest scales by the homogeneous and isotropic
Friedmann-Lemıˆtre-Robertson-Walker (FLRW) of general relativity. However, this
cannot capture the complexity of all the structure in our Universe. To do this, we
adopt a perturbative approach, introducing small, inhomogenous perturbations on
top of the background FLRW solution. This is called cosmological perturbation the-
ory. Such an approach introduces gauge issues – since general relativity is a covariant
theory, choosing a particular background introduces spurious, unphysical degrees of
freedom, called gauge artefacts. However, these can be removed, and are treated
either on a case-by-case basis15,16 or in a systematic manner.17 There has been
much theoretical progress on the latter technique resulting in linear metric pertur-
bation theory becoming a foundation of modern theoretical cosmology. Following
on from Bardeen’s seminal paper, two review articles were presented by Kodama
and Sasaki18 and Mukhanov, Feldman and Brandenberger.19 Arguably, these three
articles together form the basis of linear metric cosmological perturbation theory. a
By expanding the perturbations order-by-order in a series, each order being smaller
than the one before, the theory can be extended to higher order. Mathematical
differences between linear and higher orders can result in qualitatively different ob-
servational signatures which, given the wealth of current and future data, can now
help distinguish between cosmological models. Higher order perturbation theory
has been studied by many authors in recent years;26–34 see Refs. 35,36 for detailed
bibliographies.
In this article I will review some recent work on various complementary topics in
cosmological perturbation theory including the generation of vorticity and magnetic
fields at second order in cosmological perturbation theory, in addition to linear non-
adiabatic pressure perturbations in the cosmic fluid and inflationary models. The
common theme that underpins these pieces of work is the presence of non-adiabatic
pressure perturbations. This work shows the importance and potential observational
consequences on non-adiabatic pressure perturbations.
The paper is structured as follows: in the next section, we discuss how inhomo-
geneites are modelled in Newtonian and relativistic cosmologies and in Section 3,
we consider vorticity generation. In Section 4, we investigate non-adiabatic pres-
sure perturbations in various physical systems and in Section 5 we review some
recent work on magnetic field generation. In Section 6 I will conclude, and give
some possible extensions to this work.
aAn alternative method – the so-called covariant approach – is also often studied which defines
gauge invariant variables through the Stewart-Walker lemma.20 See, e.g., Refs. 21,22,23 for details
and Refs. 24,25 for articles discussing the relationship between the metric and covariant approaches.
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2. Modelling inhomogeneities
Although the Friedmann model is a good approximation on large scales, our Uni-
verse is not exactly homogeneous and isotropic – there exists structure, such as
galaxies, stars and planets, and inhomogeneities in the CMB. In order to model
these inhomogeneities we consider perturbations about a homogeneous ‘background’
solution. In this case, we can express the energy density, for example, as
ρ(~x, t) = ρ¯(t)
(
1 + δ(~x, t)
)
. (1)
Here we denote background, homogeneous quantities with an overbar and have
introduced the density contrast, δ(~x, t), which is inhomogeneous (i.e. a function of
time, t, and position, ~x). We then invoke Newtonian mechanics, introducing a fluid
velocity, ~v(~x, t) and the Newtonian potential, Φ(~x, t). The dynamics result in the
fluid evolution equations37
δ˙ + ~∇ ·
[
(1 + δ)~v
]
= 0 , (2)
~˙v +H~v + (~v · ~∇)~v = −~∇Φ−
~∇P
ρ¯(1 + δ)
, (3)
where H is the Hubble expansion parameter. Additionally, the Poisson equation
relates the density contrast to the Newtonian potential as
∇2Φ = 4piGρ¯a2δ . (4)
The fluid evolution equations can be simplified by linearizing the system to give
δ˙ + ~∇ · ~v = 0 , (5)
~˙v +H~v = −~∇Φ− 1
ρ¯
~∇δP , (6)
where δP is the perturbation to the pressure. One can gain more intuition about
the physics by writing the system as a single, second order differential equation. On
considering a barotropic fluid, where P = P (ρ), the pressure perturbation can be
related to the density perturbation through the introduction of the sound speed as
δP = c2sδρ . (7)
Then, the system of Eqs. (5) and (6) reduces to the single, second order differential
equation
∂2δ
∂t2
+ 2H
∂δ
∂t
= 4piGρ¯δ + c2s∇2δ . (8)
From this equation, we can see that the density perturbations are affected by three
physical processes. The second term on the left hand side of Eq. (8) is the Hubble
drag which causes a suppression of the perturbations due to the expansion of the
Universe. The first term on the right hand side is the gravitational term which
sources the growth of perturbations by the gravitational instability, and the second
term on the right hand side is the pressure term.
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Thus far, we have considered Newtonian physics, however dynamics of the Uni-
verse are governed by general relativity. In particular, we must use relativity to
describe regions of high density, fluids moving at an appreciable fraction of the
speed of light, or scales which are a substantial fraction of the horizon.
Einstein’s field equations relate the geometry of the spacetime, encoded in the
Einstein tensor, Gµν , to the matter content whose distribution is described by the
energy-momentum tensor, Tµν :
Gµν = 8piGTµν . (9)
So how do we proceed in incorporating inhomogeneities into a relativistic model?
One could consider a fully inhomogeneous solution to the field equations, taking
into account each inhomogeneity. This approach is incredibly difficult, in part be-
cause the majority of known solutions to Einstein’s theory are relatively simple.
Instead, we take heed from the Newtonian case, and expand around a homogeneous
background solution. This results in cosmological perturbation theory, a success-
ful and well-studied tool for modelling the inhomogeneities and anisotropies in our
Universe.
We consider perturbations to the energy density, in an analogous way to the
Newtonian case,
ρ(~x, t) = ρ¯(t) + δρ(~x, t) = ρ¯(t)
(
1 + δ(~x, t)
)
, (10)
but now, through the Einstein equations, the perturbations in the matter content
induce perturbations to the spacetime. This results in the spacetime metric being
expanded as
gµν(~x, t) = g
(0)
µν (t) + δgµν(~x, t) . (11)
Here, g
(0)
µν (t) is the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) background so-
lution and δgµν(~x, t) is the inhomogeneous perturbation to the metric. These inho-
mogeneous perturbations can be expanded order-by-order in a series expansion. For
example, the energy density perturbation isb
δρ = δρ1 +
1
2
δρ2 + · · · , (12)
where we denote the order of perturbations with a subscript. The expansion de-
mands that
δρ1  ρ¯ , and δρ2 < δρ1 . (13)
For the remainder of the article, we drop the subscripts where not necessary and
when considering only linear perturbations.
bFor review articles on higher order perturbation theory see Refs.35,38
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The background solution has the line element
ds2 = −dt2 + a2(t)δijdxidxj , (14)
where a(t) is the scale factor, and we have assumed flat spatial slices (so the spatial
metric is just the kronecker delta), in agreement with observational evidence. The
most general perturbations to the flat FLRW solution can be expressed as the line
element
ds2 = −(1 + 2φ)dt2 + 2a(t)Bidxidt+ a2(t)(δij + 2Cij)dxidxj , (15)
where the perturbed quantities can be decomposed into scalar, vector and tensor
types, according to their transformation behavior on spatial hypersurfaces, as18,19
Bi = B,i − Si , Cij = −ψδij + E,ij + F(i,j) + 1
2
hij . (16)
Here, φ is the lapse function, ψ is the curvature perturbation and B and E make up
the shear. Fi and Si are the vector metric perturbations, and hij is the transverse,
traceless tensor, or gravitational wave, perturbation.
Unlike the Newtonian case, performing this split into a background and per-
turbed spacetime introduces a problem in relativistic perturbation theory, namely,
the gauge problem. While general relativity is covariant, this splitting is not a co-
variant process, and therefore doing so introduces coordinate artefacts, or spurious
gauge modes. This problem can be solved, however, by working in terms of gauge
invariant quantities – that is, variables which do not change under a gauge transfor-
mation – or, equivalently, by choosing to write the metric in a particular gauge. The
systematic resolution was discovered by Bardeen,17 and there have been many ar-
ticles written on this topic in the past few decades (see Ref. 36 for a comprehensive
bibliography).
As an illustrative example, let us consider the quantity ζ, the curvature pertur-
bation on uniform density hypersurfaces defined as
− ζ = ψ +H δρ
˙¯ρ
. (17)
If we consider the transformation of the curvature perturbation and density pertur-
bation under the coordinate transform
t→ t˜ = t− δt , (18)
we obtain
ψ˜ = ψ −Hδt , (19)
δ˜ρ = δρ+ ρ˙δt , (20)
from which we can see immediately that ζ, as defined in Eq. (17), is invariant under
this transformation. In order to circumvent the gauge ‘problem’, we can either work
in a particular gauge or with a particular choice of gauge invariant variables; the
two are equivalent.
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There are several such gauges, or combinations of gauge invariant quantities,
that one can choose to work with; an advantage of this ‘problem’ is that one can
choose a gauge most adaptable to the particular problem at hand. One useful choice
is the so-called Newtonian gauge, in which the shear, σ ≡ a(aE˙ − B), is zero, and
the line element takes the formc
ds2 = a2(η)
[
− (1 + 2Φ)dη2 + (1− 2Ψ)δijdxidxj
]
. (21)
The two gauge invariant scalar perturbations of the metric are now the Bardeen
potentials, Φ and Ψ, and where we have introduced the conformal time, η, defined
through dη = dt/a. In this gauge, the governing equations for the fluid come from
energy-momentum conservation:
δ′ + (1 + w)(∇2v − 3Ψ′) = 3H(w − c2s )δ , (22)
v′ +H(1− 3w)v + w
′
1 + w
v +
δP
ρ¯(1 + w)
+ Φ = 0 . (23)
Here, v is the scalar potential of the fluid three-velocity, w = P¯ /ρ¯ is the background
equation of state, and c2s = P¯
′/ρ¯′ is the adiabatic sound speed. We denote a deriva-
tive with respect to conformal time, η, with a dash. The Poisson equation, relating
the potential to the matter variables is
∇2Ψ = −4piGa2ρ¯
[
δ − 3H(1 + w)∇2v
]
, (24)
which can be simplified to
∇2Ψ = −4piGa2δc , (25)
where we have defined the comoving density contrast, an alternative gauge-invariant
variable, as
δc ≡ δ − 3H(1 + w)∇2v . (26)
In the case of pressureless dust, for which w = 0 = c2s , the above set of equations
reduces to the simple second order differential equation39
δ′′c +Hδ′c = 4piGa2ρ¯δc . (27)
For non-relativistic matter, this is equivalent to Eq. (8), thus explaining the ori-
gin for the name Newtonian gauge. Another choice of gauge, particular useful for
calculations of perturbations during inflation, and one which we will use later in
this article, is the uniform curvature, or flat gauge. This gauge choice consists of
unperturbed spatial slices, such that E = ψ = 0, and the line element takes the
form
ds2 = a2(η)
[
− (1 + 2φ)dη2 +B,idxidη + δijdxidxj
]
, (28)
cNote that here we consider only scalar perturbations.
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with the two gauge invariant variables in this gauge, φ and B.
In this section, I have introduced methods for modeling inhomogeneities in both
Newtonian and relativistic cosmologies. While the former is more simple, and de-
scribes some regimes well, it is not sufficient for many purposes in cosmology. In
particular, in order to model perturbations to relativistic species, such as neutrinos
or photons, we must invoke general relativity, as is the case when considering regions
of high pressure, such as the early universe, or when considering systems with dy-
namical dark energy.40 Additionally, when we are considering large regions, of a size
comparable to the horizon size, relativistic effects are likely to become important.
Therefore, in order to model the early universe, including the inflationary era and
the formation of the cosmic microwave background, we must use relativistic pertur-
bation theory. Similarly, although structure formation takes place in the Newtonian
regime, there could be sizeable relativistic effects to the initial condition generation.
Determining how to interpret Newtonian results from a relativistic point of view is
an important problem which is starting to be addressed.41–45
2.1. Governing equations in the flat gauge
In this section I will present the governing equations obtained from the energy-
momentum conservation and Einstein equations in the uniform curvature gauge,
which will be used to perform the calculations for the remainder of the article. From
conservation of energy-momentum, we obtain an energy conservation equation
δρ′ + 3H(δρ+ δP ) + (ρ¯+ P¯ )∇2v = 0 , (29)
and from the momentum conservation equation
V ′ +H(1− 3c2s )V +
δP
ρ¯+ P¯
+ φ = 0 , (30)
where we have introduced the velocity perturbation V = v +B. From the Einstein
equations, we obtain
3H2φ+H∇2B = −4piGa2δρ , (31)
Hφ = −4piGa2(ρ¯+ P¯ )V , (32)
Hφ′ + φ
(2a′′
a
−H2
)
= 4piGa2δP , (33)
B′ + 2HB + φ = 0 . (34)
In order to write this in a form for easy solution later, we define
V ≡ (ρ¯+ P¯ )V , (35)
for which the energy conservation equations Eqs. (36) and (37) can be reduced,
using the field equations and again introducing the equation of state parameter, w,
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defined above, to
δρ′ +
3
2
H(3 + w)δρ+ 3HδP − k2V − 9
2
H2(1 + w)V = 0 , (36)
V ′ + H
2
(5− 3w)V + δP = 0 , (37)
where we have switched to Fourier space, denoting the wavenumber by k, such that
∇2 = −k2. These equations will be solved, under certain approximations, in the
later sections.
3. Vorticity
Vorticity is a phenomenon which is very common in engineering and applications
of physics, and is extremely well studied in fluid dynamics.46 Vorticity has recently
been investigated in astrophysics situations,47 however the role of vorticity in the
early universe and cosmology has not been studied in detail. Since the early universe
is a very complicated phase, one might expect that it is highly turbulent, and
therefore that vorticity will play an important role. In this section, we investigate
vorticity in the early universe.
In classical fluid dynamics, vorticity is defined as the curl of the fluid velocity
vector, which can be thought of as the circulation of the fluid per unit area at a
point in the flow:
~ω ≡ ~∇× ~v . (38)
Now, considering an inviscid fluid in the absence of gravity and other body forces
and in a static universe, the evolution of the fluid velocity in Newtonian mechanics
is governed by the Euler equation
~˙v + (~v · ~∇)~v = −1
ρ
~∇P , (39)
where ρ is the energy density and P the pressure of the fluid. Using Eq. (39), and
the definition of the vorticity vector, Eq. (38), the vorticity can be shown to evolve
according to
~˙ω = ~∇× (~v × ~ω) + 1
ρ2
~∇ρ× ~∇P . (40)
The source term of this equation – the second term on the right hand side – is
the baroclinic term. This is zero if gradients of the pressure and energy density are
parallel, or if either the pressure or energy density are constant. This is the case for
a barotropic fluid, for which the equation of state is of the form P = P (ρ). Thus,
we see that vorticity can only be sourced if we allow for a more general equation of
state, depending on two independent variables, such as P = P (ρ, S). This was first
discovered by Crocco,48 who showed that allowing for entropy, S, provides a source
for the vorticity.
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Using this more general equation of state for the fluid, we can expand the pres-
sure perturbation as49
δP =
∂P
∂S
δS +
∂P
∂ρ
δρ , (41)
which can also be expressed as
δP = δPnad + c
2
sδρ , (42)
on introducing the non-adiabatic pressure perturbation, δPnad, and the square of
the adiabatic sound speed c2s . This can be extended to higher order in cosmological
perturbation theory.30 We will see that δPnad is an important quantity for vorticity
generation. We will study non-adiabatic pressure perturbations in more detail and
in specific models in Section 4.
3.1. Vorticity in cosmology
In general relativity, vorticity is described by the projected, anti-symmetric covari-
ant derivative of the fluid four-velocity:
ωµν =
1
2
pµ
αpν
β
(
∇βuα −∇αuβ
)
, (43)
where pµν projects into the fluid rest frame:
pµν = gµν + uµuν . (44)
A vorticity vector can be constructed, by invoking the totally symmetric permuta-
tion tensor in the fluid rest frame, µνδ ≡ uγγµνδ, to give50,51
ωµ =
1
2
µνγω
νγ . (45)
Working now with only scalars and vector perturbations, the fluid four velocity is
uµ = −1
2
a
[
2(1 + φ1) + φ2 − φ21 + v1kvk1 ,−2V1i − V2i + 2φ1B1i
]
, (46)
from which we can obtain the components of the vorticity tensor, at first order
ω1ij = aV1[i,j] , (47)
and at second order
ω2ij = aV2[i,j] + 2a
[
V ′1[iV1j] + φ1,[i(V1 +B1)j] − φ1B1[i,j]
]
, (48)
where square brackets around subscript indices denote antisymmetrization.
An evolution equation for the vorticity is obtained by taking the time derivative
of the components of the tensor, order by order, and using the governing equations
presented above to simplify. Doing so yields the simple result at first order,
ω′1ij − 3Hc2sω1ij = 0 , (49)
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which is the well-known result18 that, in the absence of anisotropic stress, the vor-
ticity decays like a−2 in a radiation dominated universe. In particular, if vorticity
is initially zero, then it cannot be sourced in linear perturbation theory.
At second order, it is trickier to obtain a closed equation; one must use the linear
constraint and evolution equations, in addition to the second order momentum
conservation equation. Omitting the details (see Refs. 36,52 for full details of the
calculation), we show that vorticity is sourced even when neglecting linear vorticity,
ω′2ij − 3Hc2sω2ij =
2a
ρ¯+ P¯
(
3HV1[iδPnad1,j] + 1
ρ¯+ P¯
δρ1[,jδPnad1,i]
)
. (50)
In analogy with classical fluid dynamics, the vorticity is sourced by a coupling
between gradients of energy density and entropy perturbations. Similarly, for the
case of a barotropic fluid, there is no vorticity generation even at second order, in
agreement with Ref. 50.
Thus, we can see that the crucial input to determining the size of the effect of
vorticity is the entropy perturbation. Unfortunately, it is nontrivial to compute the
entropy perturbations, since they are dependent on the model of the early universe,
encoded in the equation of state of the system. As an initial estimate, computed in
Ref. 53, we can take power law input spectra and perform an analytical calculation.d
In order to do so, we approximate Eq. (50) by neglecting the first source term. We
can then solve the system of Eqs. (36), (37), by seeking a power law solution for
the energy density to give
δρ1(k, η) = A
( η
η0
)−4
, (51)
and then estimate the non-adiabatic pressure input power spectrum as
δPnad1(k, η) = D
( k
k0
)2( η
η0
)−5
, (52)
where the amplitudes are then set to CMB observations. Using these inputs, the
evolution equation for the vorticity can be solved, to give a simple spectrum
Pω(k, η) = η
2 ln2
( η
η0
)[
6.546× 10−20
(
kc
Mpc−1
)12( k
k0
)9]
Mpc2 , (53)
where we have introduced a UV-cutoff kc – this is required since nonlinear astro-
physical processes will dominate the cosmological calculation on small scales, due to
the breakdown of perturbation theory. We can see that the spectrum is blue (with
more power on smaller scales), but depends heavily on the small scale cutoff kc. On
substituting a realistic value for the cutoff, kc = 10Mpc
−1, we obtain
Pω(k, η) = η
2 ln2
( η
η0
)[
6.546× 10−8
( k
k0
)9]
Mpc2 . (54)
dWe note that, in Ref. 53, incorrect input spectra was used for the density perturbation – I have
corrected this in the following, and therefore present an updated estimate.
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Although this is a simple toy model, the spectrum has a non-negligible amplitude.
This indicates that vorticity may be important on some cosmological scales, thereby
motivating its further study.
Vorticity can have several observational effects; potentially the most interesting
effect may come from the polarization of the CMB. The CMB radiation has two
polarizations characterised, in analogy with electromagnetism, as B- and E-mode –
the B-mode is divergence free and the E-mode is curl free. In linear perturbation
theory, scalar perturbations only generate E-mode polarization and although vector
perturbations can generate B-mode polarization, they decay with the expansion
of the Universe. Therefore, B-mode polarization is only produced, in the standard
cosmological model, in the linear theory by tensors, or gravitational waves. However,
second order vector perturbations, like vorticity formed by first order density and
entropy perturbations, can source B-mode polarization. Therefore, it is expected
that vorticity is important for current and future CMB polarization experiments.e
4. Entropy perturbations
We have seen in the previous section the importance of the non-adiabatic pressure
perturbationf in sourcing vorticity. We will now go on to discuss entropy perturba-
tions in more detail.
Non-adiabatic pressure perturbations are present in physical systems with an
equation of state that depends upon two independent variables – i.e. P = P (ρ, S).
So, a single barotropic fluid cannot support entropy perturbations. Similarly, a sin-
gle scalar field (in the superhorizon limit) does not generate non-adiabatic pressure
perturbations, as it can be treated as a barotropic fluid.49,55 This means that, in or-
der to generate non-adiabatic pressure perturbations, we require either a single fluid
with an equation of state more general than that of a barotropic fluid, or a system
containing a collection of barotropic fluids, or scalar fields. Additionally, since non-
adiabatic pressure perturbations are invariant under gauge transformations, they
cannot be ’gauged-away’; that is, a gauge choice cannot be made such that they are
zero. This highlights the physical importance of entropy perturbations.
The non-adiabatic pressure perturbation defined above in Eq. (42) can be further
decomposed into a part intrinsic to each fluid (δPintr) and a relative part between
each fluid (δPrel). For a system of barotropic fluids the former is zero. The latter is
due to the relative entropy perturbation between different fluids defined as
Sαβ = −3H
(
δρα
ρ¯′α
− δρβ
ρ¯′β
)
, (55)
eSince this work was presented, an article54 has appeared in the literature suggesting that the
B-mode signal from vorticity and other intrinsic effects is not substantial enough to contaminate
future gravitational wave searches.
fWe will use the terms entropy, non-adiabatic pressure and isocurvature perturbations interchange-
ably throughout this article.
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where the relative contribution to the non-adiabatic pressure is then
δPrel = − 1
6Hρ¯′
∑
α,β
ρ¯′αρ¯
′
β(c
2
α − c2β)Sαβ . (56)
Putting the two together, then results in
δPrel =
1
2ρ¯′
∑
α,β
(c2α − c2β)(ρ¯′βδρα − ρ¯′αδρβ) . (57)
We will now study entropy perturbations in two different settings. First,
we investigate the relative entropy perturbation in the usual cosmic fluid (i.e.
baryons, cold dark matter, radiation, neutrinos...) between the relativistic and non-
relativistic species. Then we will go on to study isocurvature perturbations in mul-
tiple field inflationary models, focusing on two different potentials which give qual-
itatively different results.
4.1. Non-adiabatic pressure in the cosmic fluid
In the standard cosmological model, anisotropies are sourced by quantum fluctu-
ations from the inflationary epoch. The dynamics of inflation then determine the
initial conditions of the primordial perturbations, either adiabatic, isocurvature or
a mixture of the two. After the initial conditions have been imposed, there is no
constraint on the contribution of the non-adiabatic pressure through observations
of, e.g., the power spectrum.
The concordance cosmological model is a multi-component system consisting of
several barotropic fluids. In Ref. 56, we numerically compute the contribution to the
non-adiabatic pressure perturbation arising from the relative entropy perturbation
in the cosmic fluid. There are five fluids making up the concordance cosmology:
radiation, or photons (γ), baryonic matter (b), cold dark matter (CDM, c), neutrinos
(ν) and dark energy, which we assume in this work to be a cosmological constant.
The baryons and cold dark matter are pressureless, wb = wc = c
2
b = c
2
c = 0, and
the photons and neutrinos are relativistic, wγ = wν = c
2
γ = c
2
ν =
1
3 . The governing
equations are presented in the synchronous gauge57 and the extra gauge freedom is
fixed by choosing to be comoving with the cold dark matter.
The initial conditions are taken to be adiabatic, such that the initial entropy
perturbation is zero:
δγ = δν =
4
3
δb =
4
3
δc = −2
3
Ck2η2i , (58)
vγ = vb = − 1
18
Ck2η3i , (59)
vν =
23 + 4Rν
15 + 4Rν
vγ , vc = 0 , (60)
where Rν is the relative neutrino abundance. We then use a modified version of
CMBFast58 to compute the relative non-adiabatic pressure perturbation. The equa-
tions governing the system are presented in detail in Ref. 56. In Fig. 1, we plot the
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power spectrum of the non-adiabatic pressure perturbation in terms of wavenumber,
k, and redshift, z. We can see that δPrel peaks around matter-radiation equality, and
Fig. 1. The power spectrum of the non-adiabatic pressure perturbation plotted against scale and
redshift, reproduced with permission from Brown et al (2012), their figure 2.
is orders of magnitude larger on small scales than on larger scales at that time. After
matter-radiation equality, the relative entropy perturbation decays rapidly across all
wavenumbers. In Fig. 2, we plot the power spectrum of the baryon density contrast,
for comparison.
In Fig. 3, we plot the power spectrum of the non-adiabatic pressure as a function
of redshift for a fixed wavenumber and as a function of wavenumber for a fixed red-
shift. Looking at the left panel, we can see the growth of the non-adiabatic pressure
at early times, and the decay at later times. The peak is close to matter-radiation
equality, with shorter wavelengths peaking earlier than longer wavelengths and de-
caying faster (for short wavelengths, δPrel ∝ a−3 while δPrel ∝ a−5/2 for long wave-
lengths). In the right hand panel, we can clearly see the decay of the non-adiabatic
pressure towards to current epoch. Additionally, the mode with most power shifts
to larger scales as we move toward the present day.
Here we have calculated the non-adiabatic pressure perturbation arising from
the relative entropy between the different fluids in the concordance cosmology. We
find a non-vanishing signature, even when the initial conditions were adiabatic,
which grows at early times and peaks around matter-radiation equality. This entropy
perturbation is already present in CMB calculations, yet has not been explicitly
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Fig. 2. The power spectrum of the baryon density contrast, reproduced with permission from
Brown et al (2012), their figure 1.
Fig. 3. The power spectrum of the non-adiabatic pressure perturbation as a function of redshift
for set wavenumber (left) and as a function of wavenumber for set redshift (right), reproduced
with permission from Brown et al (2012), their figure 3.
calculated before Ref. 56. Although this does not influence the linear Boltzmann
codes, the perturbation will have various effects. In particular, in Section 3 we saw
how non-adiabatic pressure perturbations can source vorticity at second order in
perturbation theory. This will be studied in a future publication.
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4.2. Isocurvature perturbations in multi-field inflationary models
Inflation was initially postulated to solve the problems of the big bang cosmol-
ogy, the horizon and flatness problems.59 However, in addition to this, inflation
also provides a mechanism for generating the perturbations which give rise to the
anisotropies and inhomogeneities in the CMB. Quantum fluctuations in the infla-
tionary field are amplified by the accelerated expansion of the universe, and once
pushed outside the horizon become the classical seeds of structure formation.
While the inflationary paradigm is now well accepted, there is no one model that
stands out as preferable. Although CMB observations are compatible with adiabatic
initial conditions, such as those coming from inflation driven by a single scalar field,
there is still some room for isocurvature perturbations which arise from inflationary
models with multiple scalar fields. While the primordial power spectrum is pre-
dominantly adiabatic, there is still some room for a non-zero, albeit subdominant,
isocurvature contribution.8,9, 60–63 Wmap defines the parameter α(k0) as
PS
PR =
α(k0)
1− α(k0) , (61)
and then the current data constrain α(k0) ∼ 0.13. In this section, I will present
work from Ref. 64 in which we consider non-adiabatic pressure perturbations from
different multi-field inflationary models.
We will use cosmological perturbation theory throughout, instead of the often-
used δN formalism.65–67 By using perturbation theory, we will be able to consider
isocurvature perturbations during inflation, and obtain the spectrum of the non-
adiabatic pressure present at the end of inflation.
The two-field inflationary models that we will consider have the Lagrangian
L = 1
2
(
ϕ˙2 + χ˙2
)
+ V (ϕ, χ) , (62)
with two different choices for the potential V (ϕ, χ), and will compute perturba-
tions working in the uniform curvature gauge. The energy density and pressure
perturbations can be expressed in terms of the fields as64,68
δρ =
∑
α
(
ϕ˙α ˙δϕα − ϕ˙2αφ+ V,αδϕα
)
, (63)
δP =
∑
α
(
ϕ˙α ˙δϕα − ϕ˙2αφ− V,αδϕα
)
, (64)
and so we can compute the non-adiabatic pressure perturbation defined above in
Eq. (42). In order to compare the results to the comoving curvature perturbation,
R which, for these models, takes the form
R = H
ϕ˙2 + χ˙2
(
ϕ˙δϕ+ χ˙δχ
)
, (65)
we use the comoving entropy perturbation defined as
S = H
˙¯P
δPnad . (66)
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An alternative, popular way of computing perturbations in two field inflation models
is to rotate the fields into and adiabatic and isocurvature field, as was first performed
in Ref. 69:
δσ = cos θδϕ+ sin θδχ , (67)
δs = − sin θδϕ+ cos θδχ . (68)
A comoving isocurvature perturbation can then be defined in terms of these variables
as
S˜ = H
σ˙
δs . (69)
S and S˜ become equivalent in the slow-roll, large scale limit, where δs is an isocur-
vature mode. We will present results for both comoving isocurvature perturbations
in the following work.
Using the Pyflation70 code for computing inflationary perturbations we study
the non-adiabatic pressure perturbation in two models of inflation containing two
scalar fields. The numerical procedure and methods are described in detail in Ref. 64.
First we will consider double-quadratic inflation, a model which is well-studied
in the literature, with the potential
V (ϕ, χ) =
1
2
m2ϕϕ
2 +
1
2
m2χχ
2 . (70)
We consider the case where mχ = 7mϕ with mϕ = 1.395 × 10−6Mpl. The initial
field values are ϕ0 = χ0 = 12Mpl, and these choices give nR ' 0.937.
In Fig. 4 we compare the power spectra of R, S and S˜ for this model. The
dynamics of inflation are first governed by the χ field until around 30 efolds before
the end of inflation when the ϕ field takes over. We can see this from the curvature
perturbation spectrum, where R is constant after the k-mode leaves the horizon,
apart from around 30 efolds, where the switch in field domination causes a kick in
the power spectrum. The S˜ spectrum drops off significantly after the change-over
of field domination. The spectrum of the entropy perturbation, S, quickly decreases
as the mode leaves the horizon and grows again to reach its peak at the time of
cross-over. It then decreases again rapidly, and at the end of inflation is orders
of magnitude less than the curvature perturbation spectrum. The non-adiabatic
pressure perturbation is plotted in Fig. 5, and the evolution of δPnad is somewhat
similar to that of S, as expected, with negligible non-adiabatic pressure perturbation
at the end of inflation.
The second potential that we will consider is a hybrid inflation model with the
potential, which has been studied in Refs. 71, 72
V (ϕ, χ) = Λ4
[(
1− χ
2
v2
)2
+
ϕ2
µ2
+
2ϕ2χ2
ϕ2cv
2
]
. (71)
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0102030405060
Nend −N
10−17
10−15
10−13
10−11
10−9
10−7
k3PR/(2pi2)
k3PS/(2pi2)
k3PS˜/(2pi2)
Fig. 4. Double quadratic inflation: A comparison of the power spectra for R (red solid line),
S (green dashed line) and S˜ (blue dotted line) at Wmap pivot scale. The horizontal axis is the
number of efolds (N ) left until the end of inflation. Reproduced with permission from Huston and
Christopherson (2012), their figure 3.
0102030405060
Nend −N
10−55
10−49
10−43
10−37
10−31
10−25
10−19
k3PδP /(2pi2)
k3PδPnad/(2pi2)
Fig. 5. Double quadratic inflation: A comparison of the power spectra for the pressure (red solid
line) and non-adiabatic pressure (green dashed line) perturbations. Reproduced with permission
from Huston and Christopherson (2012), their figure 3.
The parameter values are v = 0.1Mpl, ϕc = 0.01Mpl and µ = 10
3Mpl. Then, Λ can
be normalized to Wmap observations as Λ = 2.36× 10−4Mpl, while the intial field
calues are ϕ0 = 0.01Mpl and χ0 = 1.63× 10−9. These choices give nR ' 0.932.
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The spectra for this model are plotted in Fig. 6.
01020304050
Nend −N
10−22
10−18
10−14
10−10
10−6
k3PR/(2pi2)
k3PS/(2pi2)
k3PS˜/(2pi2)
Fig. 6. Double quartic inflation: A comparison of the power spectra for R (red solid line), S
(green dashed line) and S˜ (blue dotted line) at Wmap pivot scale. Reproduced with permission
from Huston and Christopherson (2012), their figure 4.
We can immediately see that the behavior of the entropy perturbations in this
model is different to the previous case. R evolves slightly outside the horizon, while
S slowly drops off as the mode exits the horizon before rising sharply towards the
end of inflation. Zooming in to the last 5 efolds of evolution, as shown in Fig. 7,
we see that the entropy perturbations rebound towards the end of inflation. The
amplitude of S at the end of inflation reaches a significant level, and is within a few
percent of the curvature power spectrum.
Similarly, the pressure perturbations evolve in a different way to those in the
previous case of the double quadratic potential. As shown in Fig. 8, we can see
the pressure perturbation increasing throughout inflation, with the non-adiabatic
pressure remaining almost constant until the last few efolds.
From the analysis of these two potentials, we can see that it is possible for
two-field inflationary models to generate large non-adiabatic pressure perturbations
at the end of inflation. While the entropy perturbations in the double quadratic
potential are negligible, the double quartic model produces sizeable entropy pertur-
bations.64,73 Of course, once inflation is over, the fields driving inflation must be
converted into the standard model particles through a period of reheating. There
is no agreed upon mechanism for reheating the universe. However, the significant
amount of isocurvature present in the quartic model warrants a careful study of
the dynamics after inflation. In fact, any prediction of statistics (such as the non-
gaussianity of a given model) are open to change during the subsequent reheating
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012345
Nend −N
10−22
10−18
10−14
10−10
k3PR/(2pi2)
k3PS/(2pi2)
k3PS˜/(2pi2)
Fig. 7. Double quartic inflation: A zoom of the last 5 efolds of Fig. 6. Reproduced with permission
from Huston and Christopherson (2012), their figure 6.
01020304050
Nend −N
10−94
10−86
10−78
10−70
10−62
10−54 k
3PδP /(2pi2)
k3PδPnad/(2pi2)
Fig. 8. Double quartic inflation: A comparison of the power spectra for the pressure (red solid
line) and non-adiabatic pressure (green dashed line) perturbations. Reproduced with permission
from Huston and Christopherson (2012), their figure 7.
phase.
The study of reheating is beyond the scope of this work – preliminary results sug-
gest that isocurvature perturbations do, in fact, decay during the reheating phase.74
However, this is very much an open question, and will be the subject of future work.
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5. Magnetic fields
Magnetic fields are observed on all scales in the Universe, yet their primordial origin
is still unexplained. Although astrophysical mechanisms could generate fields on
small scales, their existence on the larger scales, and in voids, suggest a cosmological
origin. One such mechanism for the generation of magnetic fields is by vorticity,
which was first investigated by Harrison.75 Here, magnetic fields could be generated
in a period around recombination by vorticity which naturally occurs at higher
order in perturbation theory.76,77
Thus, in the final section of this review article, I will focus on the magnetic
field generation at second order in cosmological perturbation theory, presenting
results derived in Ref. 78, using analytical techniques. There have been numerical
studies addressing this problem: some work has focused on specific terms in the
evolution equation,79,80 while Ref. 81 solved the full set of governing equations
numerically. In Ref. 78, we undertook the first complete study using analytical
techniques throughout. We derived the governing equations for the electric and
magnetic field to second order in perturbation theory and then computed the power
spectrum of the resulting magnetic field.
I will now briefly sketch the calculation of the second order magnetic field, how-
ever again stressing that one should refer to Ref. 78 for full details. The governing
equations for our system are the Einstein equations in a perturbed FLRW universe,
as discussed in the previous sections of this article, along with the Maxwell equations
for the electric and magnetic fields defined, respectively, as
Eµ = Fµνuν , (72)
Mµ = 1
2
µνλδuνFµδ , (73)
where Fµν is the Faraday tensor. We expand the Maxwell equations order-by-order
in perturbation theory, as described in Section 2 for the gravitational equations,
and further set the linear magnetic field and vorticity to zero, since they are not
sourced at linear order. Additionally, we set the tensor perturbations, hij to zero,
and work only with scalar perturbations. Since our goal is to consider the generation
of second order magnetic fields, the equation of interest is the evolution equation
for Mi2
M2i′ + 2HM2i = 0ijka2
[
2
(
∂jφ1 − V1j ′ + 2V1jH
)
E1k
−∂jE2k + 2µ0V1jaJ1k
]
. (74)
In order to close the system, the relevant matter-sector equations come from mo-
mentum conservation
V1α
′ + (1− 3c2α)HV1α + φ1 +
1
ρ0α + P0α
[
δP11α −
∑
β
f1αβ
]
= 0 , (75)
where c2α is the adiabatic sound speed of the α fluid, i.e. c
2
α = P0
′
α/ρ0
′
α and fαβ is
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the momentum transfer between fluids.82 This set of equations can then be solved,
on specifying the matter content (e.g. baryons, photons) – we omit this detail here.
Then, working in a radiation dominated regime, we can simplify the evolution
equation for the magnetic field, using the governing equations, to become
M2i′ + 2HM2i = 2a20ijk
[( δP1,j
c2ρ0(1 + w)
− (1− 6c2s + 3w)
V1,j
c
)
E1,k
−acµ0J1,kV1,j −
1
2
E2k,j
]
, (76)
which we denote, in a shorthand, as
M2i′ + 2HM2i = Si . (77)
This equation can be solved78 by transforming to Fourier space, expanding the
magnetic field in a suitable basis and then considering the Fourier modes, to give
the following simplified expression for the source term Fourier mode
S(k, η) =
a2ke¯j
(1 + w)ρ0
∫
d3kk˜j
9H2(1 + w) + 2c2k˜2
×
[
f(k˜, η)δρ1(k˜, η) + g(k˜, η)δPnad1(k˜, η)
]
E1(k− k˜) , (78)
with the following functions
f(k˜, η) ≡ 2Hac2µ0(1 + 3w + 6cs2)J(η) (79)
−
(
H2
[
(1− 6c2s + 3w)(1 + 3w)− 3c2s (3c2s + 1)
]
− c2c2s k˜2
)
E(η) ,
g(k˜, η) ≡ 4
c2
(
3Hac2µ0J(η) +
[
3H2(3c2s + 1) + c2k˜2
])
E(η) . (80)
We can see that the magnetic field spectrum therefore depends upon the energy den-
sity and the non-adiabatic pressure perturbations. The linear energy density solution
is well-known, however there are two distinct sources for the non-adiabatic pressure
perturbation, as we have seen in Section 4. These are, firstly, the non-adiabatic
pressure perturbation arising from inflation driven by multiple scalar fields, which
is imprinted onto the CMB as isocurvature perturbations, and secondly, the rela-
tive non-adiabatic pressure caused by the interaction between different fluids. We
will consider these sources separately, and therefore obtain two contributions to the
second order magnetic field power spectrum.
Omitting the lengthy calculation, we obtain the following expressions, where we
have taken the leading order term and changed to S.I. units, allowing us to express
the magnetic field in terms of Gauss: for the inflationary non-adiabatic pressure√
k3PM(k, η) = AEη0
32
√
2(2pi)3/2ρ0
(
kc
Mpc−1
) 13
2
(
ηc
η
)2
×
[
32
135
+ αˆ
16
27
kc
k0
+ αˆ2
8
21
(
kc
k0
)2] 12 (
k
kc
)4
, (81)
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and for the relative non-adiabatic pressure, the magnetic field power spectrum is
√
k3PM(k, η) = EAη0
32
√
2(2pi)3/2ρ0
(
kc
Mpc−1
) 13
2
(
ηc
η
)2
×
[
32
135
+
32
27
Dˆ
A
(
kc
k0
)4
+
24
13
Dˆ2
A2
(
kc
k0
)8] 12 (
k
kc
)4
.(82)
Here, the constants are amplitudes of the energy density and non-adiabatic pressure
power spectra, and of the linear electric field, and αˆ2 = α(k0)/
(
1 − α(k0)
)
, with
α(k0) defined in Eq. (61). Of course, these expressions depend upon the small scale
cutoff, kc, as we saw for the vorticity calculation. Let’s take the cutoff to be kc =
10Mpc−1, for which the inflationary contribution evaluated at η = ηeq becomes
√
k3PM = 3.2×10−17
[
736.3
(
k
10
)8
+515.4
(
k
10
)10
− 4
315
(
k
10
)12
+
4
2835
(
k
10
)14 ] 12
.
(83)
In order to estimate the size of the magnetic field, we will now evaluate the ex-
pressions above on cluster scales, of k = 1Mpc−1, today. For the inflationary non-
adiabatic pressure contribution we obtain√
k3PM ≈ 5.9× 10−27G , (84)
and for the relative non-adiabatic pressure√
k3PM ≈ 2× 10−30G . (85)
Since the estimates are cutoff dependent, if we vary the cutoff slightly, we see that
the results for the magnetic field strength vary a few orders of magnitude. In Fig. 9,
we show, for illustrative purposes, the field magnitude for two choices of the cutoff.
Fig. 9. A plot showing the power spectrum of the magnetic field for two values of the small scale
cutoff.
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This result is the first analytical calculation of the second order magnetic field
which takes into account all source terms in the evolution equation. Our result
agrees with the numerical calculations presented in Ref. 81, thereby strengthening
the numerical results. Additionally, the numerical calculations did not take into
account any amplification of the signal by inflationary isocurvature, as we did in
this work, since adiabatic initial conditions were used.
The magnetic field that we obtained is perhaps too small to be the source of the
primordial seed field, however there is still some work to be done in order to defini-
tively rule this method out as the primordial seed source. Since the power spectrum
is rising on small scales, it is possible that some power could move coherently from
short to large scales. A complete calculation including the small scale effects could
lead to an enhanced result. Additionally, in this work we neglected tensor pertur-
bations, and linear magnetic fields. In particular, it would be interesting to study
how the estimate for the primordial seed field would change if we were to include
a linear magnetic field; these non-linear effects might change predictions from, for
example, inflationary magnetogenesis mechanisms. These effects will all be studied
in a future publication.
6. Discussion
Cosmological perturbation theory is an important technique in theoretical cosmol-
ogy allowing us to make and test predictions of our theory of cosmology. The linear
theory well describes observations of inhomogeneities and anisotropies of the CMB
and large scale structure. Recently, predictions made using higher order theory have
been tested, such as the non-Gaussian signature of the primordial perturbations.
In this review article, I have summarized various complementary aspects of cos-
mological perturbation theory, all with the underlying theme of the presence of
non-adiabatic pressure perturbations.
First, I introduced Newtonian perturbation theory and presented the the Euler,
energy conservation and Poisson equations. These can then be combined into a sin-
gle, second order differential equation governing the system, from which the physics
becomes more apparent. Then, I showed how to extend this to fully relativistic
perturbation theory around FLRW, both at linear and second order. This allows
us to model fluids moving at an appreciable fraction of the speed of light, or scales
that are comparable to the horizon size, which are both important for cosmology.
The main difference between the Newtonian and relativistic theories is the so-called
gauge problem. Since the process of splitting the spacetime into background and
perturbations is not a covariant process, there exist spurious gauge modes. These
are not physical, but are extra degrees of freedom, which can be removed by con-
structing gauge invariant variables. Equivalently, one can make a choice of gauge,
which also removes the gauge freedom. I then presented the governing equations in
the uniform curvature gauge.
After this introduction, I considered vorticity, both in Newtonian fluid mechan-
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ics, and in relativistic cosmology. As has been known for some time, vorticity can be
sourced by entropy gradients in classical fluid mechanics. I extended this in some
recent work to a cosmological setting, showing that in cosmological perturbation
theory the vorticity is sourced at second order by a coupling between linear energy
density and entropy perturbations.
Then, I presented some work on non-adiabatic pressure, or entropy, perturba-
tions focusing on two different physical systems. The first of these was the relative
entropy perturbation in the cosmic fluid, which exists between the relativistic and
non-relativistic species. This has a non-vanishing signature, even starting with adi-
abatic initial conditions, which peaks around matter radiation equality. The second
concerned isocurvature perturbations in two-field inflationary models. We found
that, of the two models studied, sizeable entropy perturbations were only generated
in the double quartic model. It should be noted that these predictions from infla-
tion may change when a reheating mechanism is studied, however this is beyond
the scope of the current work.
Finally, I reviewed some recent work on magnetic field generation. At second
order in perturbation theory, magnetic fields are generated, again from density and
entropy perturbations. Through this fully analytical work, we find a magnetic seed
field that has the scale dependence k4. We find agreement with recent numerical
work, however our approach also allow for non-adiabatic initial conditions. The
magnetic field we generate is, unfortunately, too small to provide the seed field
that is amplified by, e.g., battery mechanisms to become the fields observed on
cluster scales today. However, there is much work still to be done, in particular in
performing the small scale calculation, or considering the possible amplification of
linear fields by second order effects.
I have shown, and argued, how these different aspects of cosmological pertur-
bation theory, both at first and second order, could have important observational
consequences. In particular, we have seen the importance of non-adiabatic pres-
sure, or entropy, perturbations. Not only do they have observational consequences
in their own right, but they can generate vorticity and magnetic fields at higher
order. This provides strong motivation for future work investigating the primordial
perturbations, and for trying to understand the physics of inflation and the early
universe.
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